Nonlinear Realization and Weyl Scale Invariant p=2 Brane 



Lu-Xin Liu 

Department of Physics, Purdue University, 
West Lafayette, IN 47907, USA 
liul@physics.purdue. edu 



Abstract. The action of Weyl scale invariant p=2 brane which breaks the target super 
Weyl scale symmetry in the N=l, D=4 superspace down to the lower dimensional Weyl 
symmetry W{1, 2) is derived by the approach of nonlinear realization. The dual form action 
for the Weyl scale invariant supersymmetric D2 brane is also constructed. The interactions 
of localized matter fields on the brane with the Nambu-Goldstone fields associated with 
the breaking of the symmetries in the superspace and one spatial translation directions are 
obtained through the Cartan one-forms of the Coset structures. The covariant derivatives 
for the localized matter fields are also obtained by introducing Weyl gauge field as the com- 
pensating field corresponding to the local scale transformation on the brane world volume. 



I. Introduction 

Nonlinear realization of a compact Lie group can be realized on the Nambu-Goldstone 
fields related to the broken symmetry generators and it becomes linear when restricted to 
the given subgroup [1]. In Ref. [2], based on nonlinear transformation of a spinor field, which 
played a role of Goldstino field, the nonlinear realization method was extended to include 
fermion like generators. The resulted degeneracy of vacuum gave rise to spontaneous broken 
of supersymmetry. The approach of nonlinear realization of SUSY, besides the Goldstone 
field, was generalized to matter fields as well as gauge fields [3,4], with a formalism of 
eff'ective couplings to the Goldstino field. In Ref. [5], one can find applications of nonlinear 
realization to branes of M theory, and a general description is given to derive the dynamics 
of the branes. There, it is restricted to group G whose generators can be divided into two 
subgroups with one (such as Lorentz group) is the automorphism group of another (whose 
generators associated with (super) spacetime positions). The transformation of the group G 
with respect to the coset of the unbroken automorphism generators group would give us a 
description of the embedded submanifold, which has the dimensions of the coset space of 
the unbroken automorphism generators group with respect to the unbroken subgroup. 

As presented in [6-10], the approach of nonlinear realization was extensively used to de- 
scribe the spontaneous partial breaking of (extended) supersymmetry and construct actions 
of (super)brane dynamics. On the other hand, when considering conformal transformation, 
in Ref.[ll] the dynamics of conformally invariant p-branes was introduced. In [12,13], it 
was further extended to describe Weyl invariant D p -brane and superconformal supermem- 
brane. It is our purpose of this paper to introduce a Weyl scale (due to dilatation operator 
D) invariant p=2 brane which embedded in the target N=l, D=4 superspace defined by 
{xij,,6,6}. Considering the unbroken subgroup W{1,2) (Weyl group) of the super Weyl 
group G and the coset with respect to the unbroken automorphism group of the unbroken 
subgroup, the symmetry G can be realized on the nonlinear transformation of collective co- 
ordinates fields which is a result of acting a group element of G on the coset representative 
element f2. When applied to brane theory, it is illustrated that for such a brane that breaks 
the supersymmetry and one spatial translation symmetry, its dynamics is described by the 
low energy oscillations of the Nambu-Goldstone modes associated with these broken symme- 
tries. Accordingly, the invariant action of the brane can be obtained by using vielbein and 
connection one forms on the submanifold after constructing Cartan one- forms from il^^dfi. 

In this paper, we start from introducing the super Weyl scale group and its automor- 
phism subgroup, then use the above stated formalism of the nonlinear realization approach 
to find the fiuctuations modes of Goldstone bosons (Goldstino fermions) associated with 
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spacetime coordinates (Grassmann coordinates) of the broken symmetry (supersymmetry). 
A Weyl scale invariant p=2 brane will be given when the target D=4 superspace {a;^, 9, 9} 
broken down to D=3 spacetime world volume described by parameters {xo,xi,X2} in the 
static gauge with Weyl scale (dilatation) symmetry kept, which becomes a local symmetry 
on the p=2 brane world volume. The dual form non-BPS Weyl scale invariant D2 brane 
supersymmctric Born-Infcld action is also obtained. 

Finally, in addition to the massless Nambu-Goldstone fields of the p=2 brane oscillations, 
we also consider matter fields degree of freedom localized on the domain wall brane. The 
Weyl scale invariant actions of these matter fields are constructed by using Weyl gauge field 
and spin connections. The latter gives interactions of the matter fields with the Nambu- 
Goldstone fields. 

II. Weyl Scale Invariant p=2 Brane 

Consider super- Weyl group G, whose generators include N=l, D=4 super-Poincare gen- 
erators (P^, M^jy,two Weyl spinor supersymmetry charges Qa,Qa) and the Weyl scale (di- 
latation) generator D. It has the following (anti)commutation relations 

[M^j,, Mp^] = i{r]p,crM^p + r]^pM^^ - iJi^pM^^ - rj^aM^p) 

[Q^M^^]=i^{a^^f^Q^ (1) 

and 

[D, M^^] = 0, [D, D] = 0, [D, P^] = -iP^ (2) 

[D,Qa] = -^lQa,[D,Qa] = -liQa, (3) 

where the dilatation operator D = —ix'^— — in ^-representation. Prom Eqs.(l-3), one can 

oxi^ 

find generators {M^i,, -D} form a subgroup H' which is the automorphism group of another 
subgroup, i.e. super spacetime group by the set of charges of {QaTQa,Ptj} ■ In the case 
when the G group symmetry is broken to the 1 + 2 dimensional Weyl VK(1,2) symmetry 
[14], whose unbroken generators, for example in the static gauge, are {Af^ , D, P^}, where the 
index i = 0, 1, 2, and the spontaneously broken automorphism generators are Mi^. In such 
a case, we have a two dimensional brane which is embedded in the superspace and breaks 
down the target space super Weyl invariance to a lower dimensional Weyl group symmetry 
W{1, 2). Besides Mj3, the broken generators in superspace are the generators Qa,Qa in the 
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Grassmann coordinate directions {Xfj,,6a,0a} and the translation generator P3 transverse 
to the brane. 

Consider the coset G/H, where H has unbroken antomorphism generators {Af^ , D}. We 
hence have a p=2 branc, which has a VK(1,2) symmetry, moving through the coset space 
G/H' with tangent group H'. It sweeps out a submanifold that has the dimensions of the 
coset space G' / H with tangent group H, where G' is spanned by the unbroken automor- 
phism generators {Mij, D} and the unbroken spacetime generators Pi. Since we will work on 
a D=3 manifold, it is more convenient to express N=1,D=4 super Weyl algebra in terms of 
D=3 Lorenz group indices with new defined generators = ^£™"'~M„r and K'^ = M™^, 
where m = 0, 1, 2. In N=2, D=3 supersymmetry theory, there are four supercharges which 
are the same number as for N=l supersymmetry in D=4. In fact, N=2, D=3 SUSY algebra 
[15-17] can be obtained by dimensionally reducing N=l supersymmetry in four dimensions. 
Prom the D=3 standpoint the N=l, D=4 SUSY algebra is a central-charged extended N=2 
Poincare superalgebra, with one D=4 translation generator becomes the central charge gen- 
erator Zq [8,10,15]. Taking Zq = —P3 = —Z, with supercharges QaiQ^ becomes two 
complex conjugate spinors Qa,Q/3 in three dimensions, the N=l, D=4 Supersymmetry re- 
duces to N=2, D=3 extended Supersymmetry with relations (See Appendix A for derivation 
and notations): 

[M™, P"] = -i£""'^P^, [M™, Z] = 0, [K"", P"] = -hir?™"^, [if™, Z] = +iP"' 

1 1 

[Z, P^] = 0, [D, Qi] = --^iQi, [D, Si] = --^isi 

{Qi, qj} = 2(7'"C)i,P„, {si, sj} = 2(7'"C)i,P„, {g^, Sj} = -2iCijP3 (4) 

where q, s are extended supercharges in three dimensions. The unbroken automorphism 
generators forms group H. With R symmetry suppressed, an exponential description of the 
Coset G/H representative element is 

Q = gi«"p„»gi[fli(«)^+^i({)gi-fAi(C)si]giM'"(C)if„^ 

in which variables ^ parameterizes the embedded submanifold described by the p=2 brane, 
and <^(0>^(0'^(C)>'"(0 the Nambu-Goldstone fields that depend on variables ^. The 
dynamics can be constructed about the brane which describe a broken symmetry in the 
z, 6, 6 superspace coordinates directions and whose long wave length excitation modes are 
described by these Nambu-Goldstone fields associated with these broken symmetries. By 
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using reparameterization invariance, we choose static gauge a;"* = for space time coor- 
dinates a;™ lying in directions of the brane. Then it becomes 

The elements of group G can be decomposed uniquely into a product form of Coset repre- 
sentative element il and subgroup clement of H. In some neighborhood of the identity of 
group G, its element is parameterized as 

Under a right group transformation g, the Coset clement il transforms to 
^ ^^x"'^p^^^[4>'{x')z+S',{x')g,+-K(x')si]^iu"-{x')K^ ^-^j^ ^j^^ followiug relation 

gQ = Q'h, (8) 

where h stands for the subgroup element. The field 4'{x), which transforms linearly under 
rigid g transformations, i.e. (j)'{x) = g4>{x), could be re-expressed as field ^(x) through 
fl~^(j){x) = (j){x) from which the massless Goldstone mode has been eliminated. Therefore, 
when the symmetry group G is broken to subgroup H, from Eq.(8) one finds that (j)'{x) = 
Q!^'{x) = g(j){x) = gfl(f){x) = Q!h^{x). Then the original G transformations is re-written as 
the transformation depending on (^'(a;) = h^{x) under the unbroken subgroup H, which is 
used as basic formalism to construct invariant Lagrangian when considering localized matter 
fields on the brane [18]. Applying Eqs.(Bl)-(B3), it can be found the transformations of 
the space coordinates as well as the Nambu-Goldstone fields induced by the infinitesimal 
transformation of group g: 

(l>'{x') - <i){x) = Acp = z + dcp + (^7°A - ^7°??) - b^'xm, 
9'{x') - e{x) = A9i = ^i + ^dOi + |6„(7"A)i - \am{l"'9)i, 

A'(x') - \{x) = AXi = V^ + IdXi - '-hrn{l'^9)i - ^a„(7'"A)i, 



u'{x') - u{x) = Am- = - "LEl^) + + (9) 

tanh V7i2 



where the linear terms of d represent the Weyl scale transformations of each collective 
coordinates. The element h is given by 

h = e (10) 
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From above, it can be found the spacetime coordinates have a field dependent transformation 

as a result of the nonlinear realization of group G. In this case, there are broken symmetries 
of Qa,Qa,Z and rotation generators M™"^ related to the z direction. For the breaking 
symmetry of spacetime, the only Nambu-Goldstone fields are those associated to the broken 
(super) translations [19], and the superfluous Nambu-Goldstone fields can be eliminated 
by imposing invariant conditions on the Cartan differential forms [20] (see equation (19)). 

The G symmetry is represented by transformation properties of the field 4>{x) under the 
unbroken subgroup H. Considering incorporation of the dynamics of the field (f){x) with that 
of the brane, we work on dreibein basis in the local tangent space of the submanifold swept 
out by the p=2 brane. The interval ds^ = Qmndx^dx^ has the form ds^ = rjabdx^dx^ in 
the tangent space, with relations ds^ = Qmndx^dx^ = riabe^e^dx^dx^ and dx"" = e^dx™. 
The metric tensor is related to the dreibein through 

9mn — ^m^n Vab (ll) 

In the local subgroup H formed by algebra {M^-, D}, under the scale transformation x™ 
yjm _ gd^m^ ^jjg interval transforms as ds^ — > ds'^ = e^'^ds^. In terms of metric tensor 
because ds^ = gmndx^dx^, then it is understanding that the metric tensor have a weight 2 
under the Weyl scale transformation, i.e. 

g'^n = e^'flmn. (12) 

Conversely, g™" has scale weight -2. Its total infinitesimal transformation induced by the 
general coordinate variation x^ a;"" = a;"* + dx"* + e'"(x) is given by 

9mn ~ 9mn + "^dg^n ~ {9m^n + ^n^^m) (13) 

where e"*(x) = - i(^-f"'0 + fjj"'X) - <pb"' + e^^^^a^x^. 

In order to construct an invariant action, we can obtain dreibein and connection one- 
forms by using Cartan form n~^(if2, which is expanded with respect to the G generators: 

Q.-^dQ. = i{uj°-pa + ujqiQi + uJsiSi + oJzZ + ujtK^ + w^M^ + ojdD) (14) 

Under the transformation f2 ^ fi', the Cartan forms transform as 

n'-'^dfl' = h{n-^dn)h-^ + hdh-K (15) 

It is obvious that all the forms transform homogeneously under G except the connection 
one from lo]^ which transforms by a shift. These forms are invariant under the global left 
action of G on G/H . Under the local right action O — > Q'h with h given by Eq.(lO), the 
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forms transform as the dreibein on the tangent bundle to G/H, while transforms 
as a connection to this bundle. The Cartan forms associated with the unbroken spacetime 
generators P involve the exterior derivative d which is independent of the coordinate system 
used to parameterize the embedded submanifold and is reparameterization invariant. After 
choosing the static gauge ^™ = .t™ , the dreibein e„° is obtained by expanding spacetime one- 
forms uj"" with respect to the coordinate differentials da;™, i.e. = (ia;™e„". The connection 
one-forms w^, on the other hand, can be used to construct the covariant derivative of the 
fields V(j){x) = {d + iijO%Ta + iujD^')<i>{x), where Ya and V are respective representations of 
the generators Ma and D with respect to the fields ^(a;). These are the building blocks that 
can be used to construct invariant actions under G. Considering equations (4) and (B4), we 
have 

u;JJ^ = (coshV^-l)^^£'^''^ 

■ (c + (coshx/^I^ - 1)^^) + (# + de^^'x - dx^'^ef^^^^^u'' 

iJD^O (16) 

where a = 0,1,2. We use a,b,c to represent the tangent spacetime index, and i,j,k to 
represent 2+1 general coordinates in what follows. Since D is the automorphism generator 
of the (supcr)spacctimc position group, and from the commutation relations of Eq.(2), it is 
found that D is not involved in the Cartan forms here, which is in consistent with lod = 0. 
The dreibein 

C = {S^ + idm07°l''0 + iOmX-y^^'X) 

■ {S^r + (cosh x/^? - 1)^ + {Dt,<l> + A^7°A - g7°AA) '^"^^ u°) 



= . (V + (cosh - 1)^ + {Db^ + A^7°A - ^7°AA) '^"^4"" ^°) (17) 

has a tangent space index a, which has the transformation property induced by Eq.(15) in 
the local tangent space, with L^" the local H representation with vector indices 

e'^- = V (18) 

In Eq.(17), Dh ^ A'^'^dm is the Akulov-Volkov derivative, defined by A^ = d^+idm01°l''9+ 
i9TOA7°7*A[3,4,10]. Imposing the invariant condition = on the covariant derivative, as a 
result of the inverse Higgs Mechanism [10,20], the field Um can be eliminated by the following 
relation 



^^tanWw^ = -{Dt^ + A^7°A - ^7° AA) = - A$ (19) 
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Plugging this into Eq.(17), the dreibein hence has the simple form 

u cosh ' 



= ^™ • (^b"" + (yi - (^*)' - !))• (20) 

The metric tensor becomes 

Qmn = e^e^Vab = A^Aj^rjab - dm^dn^ (21) 
Introduce four dynamic variables X'^ = (X",X^) = (X",$), which are defined as following 

dX^ = {dmCp + dmO^°X - e^°dmX)dx"' (22) 

After integrating from both sides, we have 

XO = a;0 + /0(^,A), 
X' = x' + f\e,X), 
X^ = x^ + f{e,X), 

X^ = <l> + F{e,X), (23) 

where f{6, X), F{6, X) are functions of 9{x),X{x), decided by the integration of Eq.(22). 
Therefore, in the static gauge ^"^ = x"*, by using Eq.(23), the metric tensor in Eq.(21) now 
becomes 

dXf^dX" ^x^' dx" 

Qmn = Vuv-^ = Vai/-^ — -TTz — I" othcr teruis (24) 

where x^ = {x^ , x^ , x"^ , (j)) . Consequently, in contrast with the normal spacetime induced 

dx'^ dx^ 

metric Qmn = Vui^ttz — 7z:r- on p branc world volume, there are modification terms of the met- 
ric through the functions f{9, X), F{9, X) which are contributed from the Nambu-goldstone 
fields 0{x), X{x) corresponding to the broken symmetries in the superspace coordinates di- 
rections (sec equation (28) for details). 

The infinitesimal transformation of dreibein in the local tangent space is 

<5e^ = ^^e„« + rfe„» (25) 

with represents the local Lorcntz transformation. The second term is the Weyl scale 

transformation. Hence, the world volume has the scale transformation property 

dx^ det e dx'^ det e' = e^'^dx det e. (26) 
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We introduce the intrinsic metric Pmn on this p=2 brane manifold. Similarly, it has the 
Weyl scale transformation property pmn e'^'^Pmn and dx^\/\p\ — > dx'^\/\p'\ = e^'^da;^ 
Considering Eq.(24), the action of the Weyl scale invariant p=2 brane is then constructed 

I = -tJ d3a;v^(ip'""77^.9„X'*a„X'^)3/2 (27) 

here p™" is the inverse of the metric Pmn and p stands for the determinant of pmn- The 
auxiliary intrinsic metric pmn can be eliminated by using its equation of motion. By using 
Eq.(22), the action then has an explicit form 

I = -Tj rf3a;v^(^p'""r?^,a„X'*9„X'')3/2 

= -Tj d'x^{^p"'"{TJmn + ldnOl°lmO + ldn\l°lm\ + idmOl°lnO + idm^l^ln^ 

- {dm<t> + dmOl^'X - ^7°a„A) • (a„<^ + a„^7°A - ^7°a„A))}3/2 (28) 
where T stands for the brane tension. 



III. Weyl Scale Invariant D2 Brane 

As discussed in section II, we have constructed the Weyl scale invariant non-BPS p=2 
brane action. In the following we derive its dual form, the non-BPS Weyl scale invariant D2 
brane supersymmetric Born-Infeld action. From Eqs.(19) and (20), we have 



dete = det(e^) = detj^j^ • (<5,» + ^(—1— - 1))} 

u cosh V 



det(A^) • det{V + ^(— ^ - 1))} 
u cosh Vu-' 



det A = det ^ • v' 1 - {Db(i> + DkO^^X - e^^DbX) (29) 

cosh V 



By using the Nambu-Goto type p=2 brane action — T J a; dete, and considering Eq.(29), 
it allows us to introduce a gauge field strength vector [10] by variation of this action with 
respect to the field (p. It is defined as 

= det A- u--A-'^ (30) 



Its equation of motion results the relation drF'^ = 0, which has explicitly U(l) gauge solution 
An, i.e. 
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and is related to Fmn by 

pr ^ ^s^nrp^^ ^ ^^"-(S^^^ _ Q^Am). (32) 

Conversely, Fmn = £mnrF^. In D=3 dimension, there is D-2=l degree of freedom for 
the U(l) gauge field A„, which compensates the degree of freedom of field cj) in Eq.(29). 
Therefore, by using Eq.(30), we find 



cosh V^=Jl + Sinh^ V^=Jl+ ^"'^r^P^^nVab _ 

^ V det^ A 



(33) 



Introduce the Akulov-Volkov metric field gmn, which is given by 

Qmn = A^A^lJab. (34) 

It has the explicit form 

+ {idmO-f°r0 + *5„A7°7"A) • (ia„07°7a^ + *5„A7°7aA). (35) 
After explicitly expanding the following determent, it can be shown 

det(^yy^7^ -\~ -fmn) — det(^m7^ -\- SfnnrF ) 

= det 5 + F"'F"gmn = det'^A ■ cosh^ (36) 

where g = det gmn, and the last equality is a result of Eq.(33). Consider the alternative 
form of Eq.(29) 

1 , , cosh^ — sinh^ Vv? 

det e = det ^ • = det ^ 

cosh V cosh V 

= det A ■ cosh Vi^ — det A ■ sinh \/u^tanh Vv?, (37) 
by using Eqs.(19) and (30) and substituting Eq.(36) into (37), the resulting expression is 



det e = Vdet{gmn + Fmn) + F^{dm<l> + dmOl^'X - ej^dmX) (38) 
Introduce an intrinsic tensor field Gmn, which has Weyl scale transformation property 



Hence a spacetime integral of the first part of Eq.(38) has the classically equivalent Weyl 
invariant form: 

d'xig'/^G'/^i^G^'^gmn - ~g^' FmkFln)f'^} (40) 
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The equation of motion of the intrinsic tensor field Gmn, which can be derived from Eq.(43), 
is 

Gmn = ^{9mn — q'^'' FmkFln) , (41) 

where is a constant. The spacetime integral of the second part of Eq.(38) has the form 

= J d^x^e^^^idmAr, - a„A„) • (a„^7°A - ^7°S„A). (42) 

In the first equality we use the relation drF^ = and integrate by parts to drop the field 
(j) term. Consider the world volume element d^x, which is a tensor density with weight 
-1. Therefore d^x^^ becomes a scalar quantity. Since e™"'' is also a weight -1 tensor 

^mnr 

density, we can form an ordinary contravariant rank three tensor — Under the Weyl 

V9 

scale transformation gmn — * ^^'^9m.n, Eq. (42) hence keeps invariant. 

Considering Eqs.(40) and (42), the dual form action, i.e. the Weyl scale invariant D2 
brane Born-Infeld type action is then constructed 

I = -T j d^x{g^'^G^'^[\G"^^{gmn-f'FmkFin)f/^ 

+ ^£'""''(5„^n - dnAm) ■ {dmOl°X - ^7°5„A)} (43) 
where F^n and gmn are given by Eq.(31) and (35) respectively. 

IV. Localized Matter Fields on the Brane 

In addition to the massless Nambu-Goldstone fields (f){x),9{x) and X{x) on the brane, 
there can also be matter field degrees of freedom localized on the brane. The induced local- 
ization of the scalar and fermionic degrees of freedom on the submanifold were considered in 
[10] when the embedded defects spontaneously break the target manifold. In the following 
model, by using the ingredients of the Cartan one-forms, we present the actions of the matter 
fields as well as interactions with the Nambu-Goldstonc fields. Consider there is difi^crcnt 
dilatation scale associated with local spacetime points on the brane, i.e.rf is a local function 
of spacetime, a Weyl gauge field Bm{x) is introduced as the compensating field in order to 
keep the whole action invariant. The action of the Weyl gauge field Bm{x) interacting with 
the Nambu-Goldstone fields on the brane is also constructed. 

For the matter degrees of freedom localized on the p=2 brane, under the unbroken 
subgroup H, in the tangent space the matter field M{x) transforms as 

M'(x') = hM{x) (44) 
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in which h is given by Eq.(lO). The covariant derivative for the matter field is given through 
the spin connection and dilatation one- forms: 

VM{x) = (d + iLultVa + iLJDT')M{x) 

= {d + iu;lira)M{x) (45) 

where Fq is the representation of Mm corresponding to field M{x). When Weyl scale param- 
eter d becomes local function of spacetime d = d{x), Eq.(45) will not transform covariantly 
under H. A new compensating field Bm (Weyl gauge field) is introduced [21-24], therefore 
in component forms the covariant derivative is written as: 

VaM{x) = {e-^^dm + icOa^Tb + Bads)M{x) 

= {Da + itOa^Tb + Bads)M{x) (46) 

where Da = ea^™dm, the coefficients is related to spin connection one-from by = 
ujadx"", Bm is related to gauge field Ba in the local tangent space by Bm — CmBa, and dg 
is the scale dimcnsion(weight) of the matter field M{x). The variation of the matter field 
under the group H is 

5M{x) = M'{x') - M{x) = 6'lM{x) + 6'jjM{x) 

= is" ■ {Ta + La)M{x) + id{x) ■ DM{x) (47) 

where 6'j^M{x) — ie"" ■{Ta + La)M{x) represents variation under S0(l,2) transformation, the 
parameter e" decided by Eq.(lO) is a function of a and b. And L is the angular momentum 
representation of Mm- The variation of the scale transformation is 

5'jjM{x) = M'{x') - M{x)\d = id{x) ■ DM{x) 

= d{x-d + ds)M{x) (48) 

Hence, the general filed representation of the scale operator is given by 

D = -i{x-d + ds). (49) 

The intrinsic Weyl scale variation of the matter field then can be written as 

6dM{x) = M'{x) - M{x)\d = d{x) ■ dsM{x). (50) 

From Eqs.(18) and (25) one can find the intrinsic infinitesimal scale variation of dreibein 

Soe^ = de^ (51) 
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Therefore the scale dimension for dreibein is 1. Besides, in 2+1 dimensions, the scalar field 
has weight ds{^) = —1/2, and the spinor field is ds{tp) = —1. Correspondingly, we have 

doi' = 6Di> = -d{x)^p, (52) 
with scale transformation of the coordinates in the tangent space 

Sdx" = (i(a;)x". (53) 
Hence, under D operation the derivative of the matter field transforms as 

DaM{x) D'^M'ix') = D'^M'{Dx) 

= e-'^(^)e-i™a,„e'^(^)''=M(x) 

= e-''(^)e'^(^)''"e-i™(d,d(x),„M(x) + dmM{x)) (54) 
The Weyl gauge covariant derivative then transforms as 

VaM(x) V;M'(x') = (D'^ + loj^n + B'Js)M\Dx) 

= e-''(^)e'^(")'^=(i^„ + dsd{x),a + ttOan + Bad, - d,d{x) M {x) 

= e-''(^)e'^(=^)'^=VaM(a;) (55) 

in which we used ^^jo;^ = 0, therefore ^D^a — ~^i^)^a' ^^'^ Weyl gauge field has 
the infinitesimal scale transformation property 

doBmix) = -d{x)^m- (56) 

Considering the scalar field localized on the p=2 brane, since r(,(^) = and ds{(t>) = 
— 1/2, the Weyl gauge covariant derivative is then constructed 

VaHx) = (e-^™0„ - ^e-'"'Bm)<P{x). (57) 

The Lagrangian density of the scalar field is given by 

U = r?"'V„<^(x)V6<^(x) + /</)<5 

= - ^BmmxKdr, - ^i?„)</.(x) + /(/.'^ (58) 

in which / is the dimensionlcss coupling constant. The effective action of the scalar matter 
field on the brane up to the leading term in brane tension expansion is obtained 



I'- 



'^xdetei^. (59) 
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For the fermion spinor field, the spinor representation of the operators Ma are Taii^) = — ^7a 
. The covariant derivative of the spinor field is 

VaV'i(a;) = Dai^i - i^^albiftpjix) - Ba^i{x) (60) 

Since tp{x),'il){x) interacts with the field Ba in the same manner, the spinor field has no 
minimal form of coupling to the Weyl gauge field. The Lagrangian of the spinor matter field 
with Yukawa coupling to the scalar fields is 

U = libPr^a^ - VaV^TV] + ffV^V"^' (61) 

The effective action of the spinor field on the brane has the form 

U = J d^x det ei^, (62) 
The field strength which describes the Weyl gauge field Bm has the normal form 

Fmn = dmBn — dnBm (63) 

Introducing new dynamics variables Fab = ^™ejj'^"Ff„n, their infinitesimal Weyl transfor- 
mation properties are 

SoFab = -2d{x)Fab, (64) 

on dimension and Weyl scale invariant ground, the effective action of the Weyl gauge field 
can be constructed 

Ib= jd^xdeteeB = j d^x det els {e-'^"^, Fmn) (65) 

where the lagrangian has Weyl dimension -3 and is a function of e^j^^™ and Weyl gauge field 
strength Fmn- Considering Eqs.(59),(62) and (65), the full effective action for the matter 
fields localized on the brane is then given by 

Imatter = I4, + I^p + Ib = j d^X det elmatter 

= J d^xdete£^ + j d^xdetei^ + J d^x deters (66) 

In summary, in this letter we have constructed Weyl scale invariant version of the p=2 
brane action, which is a result of spontaneous breaking of the target N=l, D=4 superspace 
with G symmetry to the W{1,2) symmetry on the embedded the 2+1 world volume. Its 
low energy fluctuations in directions associated with the broken symmetry generators are 
described by the dynamics of the Nambu-Goldstone fields. There, unlike the BPS state of 
the D brane which carries conserved charges or the partially broken supersymmetry on the 
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brane whose central charge saturates the lower bound of the state [25], it is the case of 
non-BPS state. By this approach of nonlinear realization, one can also find its application 
to branes of M theory with a large automorphism group of superalgcbra [26]. In addition, 

as described above, the brane, as a defect in spacetime that breaks certain symmetries, may 
cause the localization of matter fields as well as the gauge fields on it, which is a fact of 
physical necessity and required to be present in the effective world volume field theories. 
Additional discussions can also be found in [27, 28] and some brane world scenarios as well 
[29]. 

The author thanks T.K.Kuo for support and discussions. The author also thanks 
M.Burkardt and Y.X.Gui for their kind support. Finally, the author would like to ac- 
knowledge helpful discussions for the revising version of the manuscript in TASI 2006. 
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Appendix A: Dimensional Reduction of N=l, D=4 SUSY to N=2, D=3 
SUSY 



In N=2, D=3 Supersymmetry theory, there are two two-component Majorana spinorial 
generators QajQ^ satisfying 

{Ql,Ql} = h-PU, 

{Q\Q^} = iZo, (A.l) 

where a, (3 — 1,2 are component indices, and (7°, 7^, 7^) = (cr^, ia^, icr^),Q^*-^'' = Q^^'^^^C = 
Qi(2)t^o ^ ^j^jj Majorana condition Q^^^^ = — Q^^^^* , and Zq is the central charge. If we 

introduce a Dirac spinor Q' = —={Q^ + iQ^), then we have 

V2 

{Q',Q'} = 1-P + Za. (A2) 

In N=l, D=4 Supersymmetry theory, from Eq.(l), we have 

{ga,Qd} = 2a^P^. (A3) 

Imposing rotation operations e~'^ ^ and e'*^ ^ consecutively on Eq.(A.3), the four mo- 
mentum vector has the corresponding transformation 

P2 ^ -P3 

P3 ^ --Pi (^.4) 

and the spinor becomes 
with 

(Qie"'^ cos ^ + (526*^ sin ^ \ 
Q2e *cos--Qie *sm- J 

Equation (A. 3) then has the form 

{W, W^} = 2a°Po + 2a^P2 + 2a\-P3) + 2a%-Pi) (A7) 
Right multiplication of from both sides, it has the form 

{W, W^a^} = 2a^Po + 2ia^P2 + 2(-P3) + 2ia^ Pi 
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= 27°Po + 27^-Pi+27^-P2 + 2(-P3). (A8) 

Thus 

{W,W} = 2^-P + 2{-Ps), (A9) 

where W = W^^°. Compare (A. 9) with (A. 2), we may identify W with V2Q' and Zq with 
— P3. Using redefined operators 

\ IS2 I \ -iq2 

from Eqs.(A.l), (A.2), (A.6) and (A.IO), we have 
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(;:) 


■1 









^1 
+ 2<32e- 




^Q2e-'^ \ 






K ^02e- 




+ ^026^^ \ 


(All) 



Hence, the extended centrally charged N=2, D=3 supersymmetry algebra is 

{qi, qj} = 2ij^C)ijPm, {Si, Sj} = 2i^^C)ijPm, {qi, Sj} = -2iCijP3, 



Appendix B: Useful Formulas 

In derivation of Eqs.(9) and (10), we consider the Baker-Hausdorff formula: 

exp(a) exp(6) = exp(a + 6 + i[a, 6] + ^[a, [a, 6]] + ^[6, [6, a]] + ...)• {B.\) 
For infinitesimal operator a, up to the first order of a, we have 

exp(a) exp(6) = exp(a + 6 + ^ [a, 6] + ^[6, [6, a]] + ... + 0{a^)) 

= exp(a - adb/2{a) + adf,/2 ■ coth(ac?(,/2)(a) + 0(a^)); (B.2) 

and likewise 

exp(6) exp(a) = exp(a + b+-[b,a] + — [b, [b, a]] + ...) 

= exp(6 + adb/2ia) + adb/2 ■ coth(adb/2)(a) + 0{a^)), (-B.3) 
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in which ad(,/2(o) is the adjoint operation with arfb/2(c') = [2''*]" In derivation of Eq. (16), consider 
the differentiation formula for exponent: 

exp(-6)dexp(6) = ^ ^—L^^adbfdb (BA) 
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